The chemical potential of a metal film within the jellium model with taking into account the Coulomb interaction between electrons is calculated. The surface potential is modeled as the infinite rectangular potential well. The behavior of the chemical potential as a function of the film thickness is studied, the quantum size effect for this quantity is discovered. It is shown that taking into account the Coulomb interaction leads to a significant decrease of the chemical potential and to an enhancement of the quantum size effect.
I. INTRODUCTION
The rapid development of nanotechnology involving processes of metal deposition on various substrates requires a theoretical analysis and understanding of electronic effects in nanoclusters and nanofilms. If the size of nanostructure is comparable with the corresponding Fermi wavelength of electrons in the nanostructure, various physical properties may strongly depend on the size of this nanostructure. This phenomenon is called the quantum size effect [3] [4] [5] [6] 13, 21 and is typical for many physical quantities of metal nanofilms, such as thermodynamic stability, electrical resistivity, work function, surface energy, etc 8 . Due to possible differences in properties of metal nanostructures from properties of the bulk metal, the research of such properties has considerable theoretical and experimental interests.
The first theoretical calculations of the chemical potential of the metal film within the jellium model without taking into account the Coulomb interaction between electrons are presented in Refs. [14, 18, and 20] . However, as it is shown in Refs. [17 and 19] , these calculations do not take into account the condition of electroneutrality and therefore the calculated values of the chemical potential are not correct. A few years ago Ref. [7] appeared, the author of which claimed that he was the first who found the dependence of the Fermi energy on the film thickness within the same model of a metal film. However, in fact, it is a repetition of some results of Ref. [20] without reference to them.
For the first time the quantum size effect on the chemical potential in the metal film within the jellium model was studied by Shulte 16 using the density functional theory within the local density approximation. Later, he compared it with the magnitudes of the chemical potential of the film within the jellium model without the Coulomb interaction between electrons, which are also obtained by him 17 , and found good agreement. However, in his calculations 17 , Schulte used for the distance between the side of the film and the potential wall the result of Ref. [2] , which is true for the semi-infinite jellium (see, for example, Refs. [2, 9, and 11] ). This result is also used in much later Refs. [8 and 15] , in which there is also a comparison between calculations by the density functional theory and the calculations within the jellium model without the Coulomb interaction, and good agreement is found for the specific films 8 . The correct expression for this distance is obtained in Ref. [22] , where analytical calculations for various models of potential barrier within the jellium model without the Coulomb interactions between electrons are conducted. In Ref. [23] , the chemical potential and the stability of metal thin film within the jellium model without the Coulomb interaction between electrons are studied, however, as in Refs. [7, 14, 18, and 20] , the condition of electroneutrality is not taken into account.
In the present work, the metal film within the jellium model taking into account the Coulomb interactions between electrons is studied. The surface potential is modeled by the infinite rectangular potential well. In the limit of low temperatures, calculations of the chemical potential and the distance between the side of the film and the potential wall of infinite height are performed for different values of the Wigner-Seitz radius (r s ). The chemical potential is found as a solution of the nonlinear equation, which is obtained in Ref. [11] by using the method of functional integration. The dependences of the calculated quantities on the film thickness are studied, it is shown that taking into account the Coulomb interaction between electrons leads to a significant decrease in the chemical potential and increase in the distance between a side of the film and the infinite potential wall, and to an increase of the amplitudes of its oscillations, i.e. to an enhancement of the quantum size effect. It is shown that if the film thickness increases, the chemical potential of the film tends to the bulk chemical potential, i.e. to the chemical potential of unbounded metal within the jellium model, and the distance tends to magnitude, which is obtained in Ref. [11] for the semi-infinite jellium.
II. MODEL
We consider a metal slab placed in such way that its two parallel infinite sides are parallel to the xOy plane. Thickness of the slab is denoted by l slab and lies along the z axis. One side of the slab is specified by the equation z = d, and the second one is described by the equation The slab is considered within the jellium model, i.e. an ionic subsystem is replaced by positive charge with the distribution
where θ(x) is the Heaviside step function, r || = (x, y),
, S is area of the side of the slab (S → ∞). The condition of electroneutrality is satisfied,
moreover, in the thermodynamic limit, we have
where N is the number of electrons, which are situated in the field of the positive charge. The parameter d is determined by the condition of electroneutrality. As a consequence of the symmetry of the model, the motion of the electron in a plane parallel to the xOy plane is free, and the one along the z axis is determined by the surface potential V surf (z). This potential is modeled by the infinite rectangular potential well, namely,
This model potential allows an analytical solving of the Schrödinger stationary equation,
with the Dirichlet boundary conditions,
where m is the electron mass, a = (k || , α), k || is the twodimensional wave vector of the electron in the plane parallel to the xOy plane, α = πn/l, n = 1, 2, . . .. The wave functions and the corresponding energy levels for the potential model (2) are
2m .
As we see from Fig. 1 , there is the relation between the parameter l of the model potential and the thickness l slab of the slab
where the parameter d is found in Ref. [22] ,
/ is the magnitude of the Fermi wave vector, µ is the chemical potential.
From Eqs. (5) and (4), we find the parameter l of the infinite rectangular potential well as function of K F ,
It should be noted that if the parameter l approaches infinity, the parameter d approaches the well-known magnitude d ∞ = 3π/(8K F ), which is the distance between locations of the edge of the positive charge and the infinite potential wall within the jellium model (see, for example, Ref. [2, 9, and 11] ).
III. EQUATION FOR THE CHEMICAL POTENTIAL
In Ref. [11] , using the method of functional integration, the general expression for the average number operator of electrons within the semi-infinite jellium model is obtained. In the case of the slab, this expression has the form
where
is the average number operator of noninteracting electrons (i.e. without the Coulomb interaction between electrons), n α (
is the Fermi-Dirac distribution, β is the inverse thermodynamic temperature, q = (q x , q y ) is the twodimensional vector with components q x,y = 2πn x,y / √ S, n x,y = 0, ±1, ±2, . . ., ν(q, 0) = 2πe 2 /q, g(q, z 1 , z 2 ) is the effective interelectron interaction in (q, z) representation, analytical expression for which is obtained in Ref. [10] within the same level of approximations used in Refs. [11 and 12] .
In the limit of low temperatures, we obtain n α (
2 . By using transition from the summation over k || to the integration according to the rule 11,12 ,
where two possible orientations of the electron spin are taken into account, a summation over the twodimensional vector k || in Eqs. (6) and (7) can be performed analytically. As a result, we find that
In Ref. [11] , it is shown that
where the expression for the function I(q, α 1 , α 2 ) is given in Ref. [11] .
A summation over the quantum numbers α can be represented as α . . . = nmax n=1 . . . , where n max is the integer part of [lK F /π].
As shown in Ref. [20] , the calculation of the average number operator of noninteracting electrons (7) can be performed analytically,
From the condition of electroneutrality (1) it follows that e N = ̺ 0 Sl slab , i.e. ̺ 0 = e N /(Sl slab ). If we assume that the concentration of the positive charge is equal to the electron concentration of unbounded metal, i.e. ̺ 0 /e = 3/(4πr 
where r s is the Wigner-Seitz radius. By multiplying Eq. (6) by 2π/(Sl slab ) and using Eq. (8), we obtain the nonlinear algebraic equation for the magnitude of the Fermi wave vector K F , which is connected with the chemical potential µ, µ = 2 K 2 F /(2m), (integrals of the effective interelectron interaction and the wave functions (3) are calculated in Appendix A),
where a B is the Bohr radius, expressions for Q, functions I 1 , and I 2 are given in Appendix A (see Eqs. (A2), (A3), and (A4), respectively).
It should be noted that in the case of noninteracting electrons, the nonlinear equation (9) is significantly simplified, 
IV. RESULTS OF THE NUMERICAL CALCULATIONS AND DISCUSSION
In Fig. 2 , the chemical potential as a function of the film thickness is presented for the following values of the Wigner-Seitz radius: r s = 2a B and r s = 6a B . The solid curve represents the chemical potential with taking into account the Coulomb interaction between electrons, i.e. that is found from the nonlinear algebraic equation (9), the dashed curve represents one without this interaction, i.e. that is found from the nonlinear algebraic equation (10) . In addition, the short-dashed horizontal curves show the bulk chemical potential 11 with taking into account the Coulomb interaction between electrons µ bulk and one without this interaction µ 0 bulk , respectively. We see that the dependence of the chemical potential on the film thickness is non monotonic, there are alternating peaks, i.e. we observe the quantum size effect for the chemical potential of the metal film. This is a consequence of quantization of the electron energy levels, because the motion of electrons in the direction perpendicular to the film is limited. If the film thickness increases, the quantum size effect vanishes, and the chemical potential tends to the bulk chemical potential. Taking into account the Coulomb interaction between electrons leads to a significant decrease in the chemical potential, what is known (see, for example, Ref. [11] ), and also to an enhancement of the quantum size effect: peaks become higher and valleys become deeper, and the period of alternating peaks and valleys increases. As noted by Schulte 16 , the distance between adjacent peaks of the chemical potential without the Coulomb interaction between electrons is about λ is the Fermi wavelength of noninteracting electrons. It turns out that if the Coulomb interaction between electrons is taken into account, the distance between adjacent peaks of the chemical potential is also λ F /2, but here λ F = 2π/K F is the Fermi wavelength of interacting electrons.
As noted above, the authors of Refs. [1, 7, 18, 20 , and 23] do not consider the parameter d in calculating the chemical potential of the metal film without Coulomb interaction between electrons, i.e. they believed that positions of the potential wall and the edge of the positive charge coincide. As a result, the chemical potential calculated by them is too large, moreover if the film thickness We see that the dependence of the parameter d on the film thickness is non monotonic, there are alternating peaks, i.e. we observe also the quantum size effect for the parameter d. If the film thickness increases, the quantum size effect vanishes. Taking into account the the Coulomb interaction between electrons leads to a significant increase in the parameter d, what is known from Ref. [11] , and also to an enhancement of the quantum size effect: peaks become higher and valleys become deeper, and the period of alternating peaks and valleys increases. As it is for the chemical potential, the period of alternating is about λ 0 F /2 in the absence of the Coulomb interaction between electrons and λ F /2 in the presence of it.
V. CONCLUSIONS
In the limit of low temperatures, by solving the nonlinear algebraic equations, the chemical potential of the metal film within the jellium model with taking into account the Coulomb interaction between the electrons is calculated. It is shown that the dependence of the chemical potential on the film thickness is non monotonic, i.e. there is the quantum size effect for the chemical potential of the metal film, the distance between neighboring maxima is about half of the Fermi wavelength. If the film thickness increases, the quantum size effect disappears and the chemical potential tends to the bulk chemical potential. In addition, taking into account the Coulomb interaction between electrons enhances the quantum size effect and leads to a significant decrease in the chemical potential.
In the same approximations, the parameter d, which is the distance from the side of the film to the potential wall, is calculated as the function of the film thickness. It is shown that this dependence on the film thickness is also non monotonic, there is the quantum size effect of the parameter d. If the film thickness increases, this quantum size effect disappears also. Taking into account the Coulomb interaction between electrons leads to a significant increase in the parameter d, and to an enhancement of the quantum size effect. The distance between neighboring maxima is also about half of the Fermi wavelength.
Appendix A: CALCULATION OF INTEGRALS WITH EFFECTIVE INTERELECTRON INTERACTION
An expression for the effective interelectron interaction g(q, z 1 , z 2 ) in (q, z) representation is obtained in Ref. [10] . In the domain 0 z 1 , z 2 l, it has the form g(q|z 1 , z 2 ) = 2πe 
where The integrals of products of the wave functions (3) and the effective interelectron interaction (A1) in Eq. (6) can be analytically calculated, and we obtain 
